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Effect of Cooperative and Selection Relaying Schemes on
Multiuser Diversity in Downlink Cellular Systems with

Relays
Min Suk Kang, Bang Chul Jung, and Dan Keun Sung

Abstract: In this paper, we investigate the effect of cooperative and
selection relaying schemes on multiuser diversity in downlink cel-
lular systems with fixed relay stations (RSs). Each mobile station
(MS) is either directly connected to a base station (BS) and/or con-
nected to a relay station. We first derive closed-form solutions or
upper-bound of the ergodic and outage capacities of four different
downlink data relaying schemes: A direct scheme, a relay scheme,
a selection scheme, and a cooperative scheme. The selection scheme
selects the best access link between the BS and an MS. For all
schemes, the capacity of the BS-RS link is assumed to be always
larger than that of RS-MS link. Half-duplex channel use and repe-
tition based relaying schemes are assumed for relaying operations.
We also analyze the system capacity in a multiuser diversity envi-
ronment in which a maximum signal-to-noise ratio (SNR) sched-
uler is used at a base station. The result shows that the selection
scheme outperforms the other three schemes in terms of link er-
godic capacity, link outage capacity, and system ergodic capacity.
Furthermore, our results show that cooperative and selection di-
versity techniques limit the performance gain that could have been
achieved by the multiuser diversity technique.

Index Terms: Cellular systems, cooperative diversity, multiuser di-
versity, opportunistic scheduling, relays, selection diversity.

I. INTRODUCTION

In wireless communications, wireless channels are usually
varying in time and frequency. Since there is a rather high prob-
ability that the channel is in a deep fade for mobile users, we
need some diversity techniques in order to compensate for this
channel impairment. This motivates us to investigate various di-
versity techniques which can improve the wireless link capacity
of mobile communication systems. Before the concept of diver-
sity, channel fading always degrades channel capacity; however,
utilizing the concept of diversity, we can counteract the adverse
effect of the channel fading and improve the reliability of com-
munication in fading channels. In conventional wireless com-
munication systems, diversity techniques using antenna arrays
or RAKE receivers can effectively combat against fading [1],
[2]. These techniques achieve diversity gain from the channel
fading over time, frequency, and space. In addition to these
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conventional diversity techniques, diversity gain can be also
achieved through cooperation among geographically distributed
nodes or terminals. This cooperative diversity was first studied
in [3], [4] and low-complexity cooperative diversity protocols
were proposed and analyzed in [5], where two user cooperation
strategies were studied in a single relay node environment. Di-
versity gains can be achieved through relays. Studies on fixed
or nomadic relays have been done [6]–[8] and they are mainly
aimed to the users near cell-boundary or in the dead spots. If
multiple relays are available in transmission, we can achieve se-
lection diversity by selecting one or multiple relays based on
channel state information (CSI) [9].

If we utilize multiuser fading channels, we can improve sys-
tem performance. Knopp and Humblet [10] first introduced
multiuser diversity as a means to provide diversity against chan-
nel fading in multiuser communication systems. The perfor-
mance gain of multiuser diversity increases as the number of
active users in the system becomes large [11]. When a base sta-
tion (BS) selects one user with the maximum signal-to-noise
ratio (SNR) value among multiple users, it has a higher prob-
ability to capture users with higher SNR values as the num-
ber of users increases. As high data-rate demands for internet
users increase rapidly, this multiuser diversity concept has been
widely accepted and deployed in many next generation mo-
bile communication systems, such as 3rd generation partnership
project (3GPP) long term evolution (LTE), IEEE 802.16 mo-
bile WiMax, or 3rd generation partnership project 2 (3GPP2) ul-
tra mobile broadband (UMB) to maximize the system capacity.
Typical scheduling schemes for achieving multiuser diversity in-
clude maximum SNR and proportional fairness (PF) schemes.

While the conventional diversity techniques have been used to
average out the effect of channel fading, multiuser diversity ex-
ploits the effect of multiuser channel fading. We can think of the
conventional diversities as link diversity techniques in a sense
that they only consider the diversity within the channel fading
of one link communication; however, multiuser diversity can
be considered as a system diversity technique because it con-
siders multiple channel links and exploits the diversity among
them. The link diversity techniques are known to be very effec-
tive in one linke environment. For example, space-time block
code (STBC), known as the most effective spatial diversity tech-
nique, greatly increases the channel capacity and outage capac-
ity in multiple antenna systems [12]. However, the effect of
multiuser diversity on STBC was investigated and various as-
pects related to the combined use of spatial diversity and multi-
user diversity in a mobile network was studied [13]. In [13],
spatial diversity is shown to eliminate the peaks of the Rayleigh

1229-2370/08/$10.00 c© 2008 KICS



176 JOURNAL OF COMMUNICATIONS AND NETWORKS, VOL. 10, NO. 2, JUNE 2008

fading channel, thus limiting the performance gain that could
have been achieved by the multiuser diversity mechanism. It is
due to the fact that spatial diversity lessens the variation of the
channel and the reduced variation makes the channel less fluc-
tuated and it results in reducing the multiuser diversity gain.

Cooperative and selection diversity techniques in cellular sys-
tems with relays have been studied in several papers. A dual-hop
transmission with fixed gain relays was investigated in terms of
outage probability and average error probability [14]. More re-
cently, a new relaying scheme that exploits multiuser diversity in
multihop networks was proposed in [15], [16], in which multi-
user diversity is exploited in each hop by selecting the next hop
relay based on the instantaneous channel quality. However, most
part of their studies relied on simulation results and mathemat-
ical analysis on multiuser diversity and relay schemes was very
limited. In [17], cooperative diversity and multiuser diversity in
cooperative relay networks were mathematically analyzed. The
result shows that both cooperative diversity and multiuser di-
versity are exploited in a system environment and the diversity
increases as the number of source/destination pairs increases.
However, the analysis is based on ad-hoc networks which have
many source/destination pairs, and, thus, it is not suitable for
cellular systems.

There have been no rigorous mathematical analysis on the ef-
fect of multiuser diversity in cellular system with relays. More-
over, the effect of cooperative and selection diversity techniques
on the multiuser diversity gain has not been fully understood
yet. In this paper, we mathematically analyze the ergodic capac-
ity and the outage capacity in a single-link, multiuser environ-
ment. The analysis highlights the effect of multiuser diversity
in various relay schemes. We investigate the effect of selection
diversity and cooperative diversity on multiuser diversity in a
downlink cellular system with multiple fixed relays.

The rest of this paper is organized as follows. In Section II,
we introduce a system and channel model under consideration.
In Section III, we analyze the performance of downlink capacity
in terms of ergodic capacity and outage capacity. In Section IV,
the performance of a multiuser system with relays is analyzed.
Moreover, the effect of cooperative and selection diversities on
multiuser diversity is also characterized by investigating the ef-
fect of variance of each transmit scheme. Finally, conclusions
are presented in Section V.

II. SYSTEM AND CHANNEL MODEL

Fig. 1 shows a cellular downlink system with one BS located
at the center of a cell, R relay stations (RSs), and N mobile
stations (MSs). RSs do not have their own messages and are so-
ley intended to assist the MSs and BS to communicate with one
another. We assume that the RSs are nomadic or fixed and are
operated in half-duplex mode, i.e., the RSs cannot transmit and
receive messages simultaneously. We also assume that at a given
time each MS communicates with the BS through one RS. That
is, choosing one of the multiple RSs is not allowed to all MSs
and for a specific time only one RS can be assigned to a MS.
This assumption is made to simplify the mathematical model
and show the result. Extension to multiple RSs for an MS can be
possible by assigning more than one independent relay path to

Fig. 1. System model.

the MS; however, the result would follow the similar tendency.
There are three different types of wireless channels in the

model: A channel between a BS and an RS (BS-RS channel), a
channel between a BS and an MS (BS-MS channel), and a chan-
nel between an RS and an MS (RS-MS channel). The capacity
of BS-RS channels is assumed to be always better than that of
RS-MS channels so that the capacity of a channel between the
BS and an MS via an RS is always limited by the capacity of
the channel between the RS and the MS. This assumption is rea-
sonable for typical cellular systems with relays since relays are
generally set up using reliable wired connection or at the place
to support line-of-sight (LOS) to the BS. We assume that both
the BS-MS and RS-MS channels follow Rayleigh distributions,
and they are independent of each other. We also assume that
all users have an identical channel environment for mathemat-
ical simplicity. Other-cell interference is also neglected in this
single-cell mathematical analysis model.

We consider the following four downlink data relaying
schemes: A direct scheme, a relay scheme, a selection scheme,
and a cooperative scheme. The schemes are simple and practical
relaying schemes that can be utilized in the system of Fig. 1. The
four schemes have low system complexity; however, the amount
of required feedback for each scheme is different. In a single
user case, only the selection scheme requires the feedback of
BS-MS and RS-MS channels to select the better path while the
other three schemes do not require any feedback information.
On the other hand, in a multiuser case, the selection scheme and
the cooperative scheme require the feedback of BS-MS and RS-
MS channels for every MS in the cell while the direct scheme
and the relay scheme only require the feedback of BS-MS chan-
nel and RS-MS channel, respectively, of every MS in the cell.
In practice, since the feedback information is sent through up-
link resources, it is hard to quantitatively measure the effect of
the amount of the feedback information on downlink capacity.
Thus, in this paper, we neglect this feedback overhead in the
downlink system capacity.

A. Direct Scheme

In the direct scheme, an MS communicates only with a serv-
ing BS directly without a relay system, as shown in Fig. 2(a).

The system is considered as a conventional cellular system
without relays. The signal received at the ith user is given by

yi = hd,isi + ni, (1 ≤ i ≤ N) (1)
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Fig. 2. Transmission for four different schemes.

where hd,i and ni represent the BS-MS channel coefficient and
the thermal noise at the ith user, respectively. Since the BS-
MS channel link is assumed to be Rayleigh distributed, hd,i ∼
CN

(
0, μ2

d,i

)
, and ni ∼ CN (0, N0). The signal transmitted

from the BS, si, has its transmit power constraint, E
[|si|2

]
=

P . The term μ2
d,i indicates the channel gain between the BS and

the ith MS, and it is assumed to be identical regardless of MSs
as noted before. Thus, we remove the user index i from now on.
Since we assume the MS has the information of the channel hd,
the received signal-to-noise ratio (SNR) of a user is given by

γ
Δ= |hd|2P/N0. Thus, the probability density function (PDF)

of the received SNR of the ith user is given by

f (γ) =
1

ρμd
e
− γ

ρμd (2)

where ρ = P/N0 denotes the SNR at the transmitter (BS), i.e.,
the transmitted signal-to-noise ratio.

B. Relay Scheme

In the relay scheme, an MS communicates only with its only
assigned RS, and the communication link between the BS and
MS is assumed to be blocked, as shown in Fig. 2(b). In this sys-
tem, each MS communicates with the BS via one RS. In this
scheme, due to the half-duplex nature of a relay transceiver, the
transmission time should be divided into two phases: Phase-I
for receiving data from the BS at the RS, and Phase-II for send-
ing the data from the RS to the MS. The ratio of time durations
for Phase-I and Phase-II can be generally different for differ-
ent relaying technologies and the capacity of the relaying sys-
tem can be optimized by adaptively adjusting the ratio of the
two phases [18]. However, in many promising mobile systems
which adopt relay stations such as IEEE 802.16j, the time slots
for relay transmission and reception are assumed to be fixed
since its ease of implementation and low complexity [19]. Thus,
the time durations for two phases are assumed to be fixed and be
the same in this paper. The signal received at user i is given by

yi,1 = ni,1, in Phase I,

yi,2 = hr,isi + ni,2, in Phase II (3)

where hr and ni represent the RS-MS channel coefficient and
the thermal noise at the ith user, respectively. The transmit
power of an RS is assumed to be the same as that of a BS. If
we want to assign different transmit power to the RS, it can be

done by adjusting the average channel gain between the RS and
the MS, μr. yi,j(i ∈ N, j ∈ {1, 2}) represents the received
signal of the ith user at Phase-j. Since the RS-MS channel link
is also assumed to be Rayleigh distributed, hr,i ∼ CN

(
0, μ2

r,i

)
,

ni ∼ CN (0, N0). The received SNR of the ith user at Phase-

II is given by γr
Δ= |hr|2P/N0. Thus, the PDF fr(γ) of the

received SNR at a user is expressed as

fr (γ) =
1

ρμr
e−

γ
ρμr (4)

where ρ = P/N0 denotes the SNR at the transmitter (BS). In
general, the RSs are located closer to the MSs than the BS, and,
thus, the average SNR of the relay scheme is, in average, greater
than that of the direct scheme. However, the relay scheme only
has one-half of the degrees of freedom (DOF).

C. Selection Scheme

Since a BS has two downlink paths, a BS-MS direct link and a
BS-RS-MS relay link, the BS can achieve a larger capacity when
it selects a better link among the two communication links. In
the selection scheme, we assume that the channel coefficient hd

and hr are known to the BS through the feedback from each
user. At every transmission, the BS checks which link is better
in terms of the achievable capacity and chooses the better link to
communicate with the MS, as shown in Fig. 2(c). In this paper,
since we assume the channel is independent in every transmis-
sion, the channel information should be fed back to the BS at
every transmission. However, in practice, the channel informa-
tion is fed back to the BS with a feedback period shorter than its
coherence time. If the direct link is better, the entire transmis-
sion time is assigned to the direct transmission between the BS
and the MS, while if the relay link is better, then the transmis-
sion time is divided into two phases as in the relay scheme. In
this scheme, the received signal is given by

(If the direct link is better)
yi = hdsi + ni,

(If the relay link is better)
yi,1 = ni,1, in Phase I,

yi,2 = hrsi + ni,2, in Phase II. (5)

The BS determines the better path based on the achievable
capacities of two paths. If the relay scheme which has only
one-half degrees of freedom achieves greater capacity, then
the BS chooses the relay scheme, otherwise it selects the di-
rect scheme. The instantaneous capacities of the direct path

and the relay path are given by log2

(
1 + |hd|2 P/N0

)
and

1
2 log2

(
1 + |hr|2 P/N0

)
, respectively. Therefore, the MS can

achieve log2 (δs) where

δs
Δ= max

(
1 + |hd|2 P/N0,

√
1 + |hr|2 P/N0

)
(6)

and the PDF of δs is given by

fδs (δ) =
1

ρμd
e
− δ−1

ρμd +
2δ

ρμr
e−

δ2−1
ρμr −

(
1

ρμd
+

2δ

ρμr

)
e
− δ−1

ρμd
− δ2−1

ρμr (7)
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and the detailed derivation of (7) is given in Appendix I.

D. Cooperative Scheme

Fig. 2(d) shows the cooperative scheme. The cooperative
scheme achieves cooperative diversity by operating the RS as
a cooperative transmitter for the BS. It also has two phases:
Phase-I for receiving data from the BS at the RS and MS, and
Phase-II for sending the data from the RS to the MS. Different
from the previous relay scheme, the MS can receive data directly
from the BS during Phase-I. Among many cooperative relaying
schemes, we choose a repetition scheme which simply transmits
the received signal at the relay station. While other cooperative
schemes such as distributed space-time-coded protocols [20],
[21] require very complex network cooperation among trans-
mitters and receivers, a repetition scheme guarantees the low
complexity and ease of implementation. Thus, in this paper, we
consider the repetition scheme proposed in [5].

yi,1 = hdsi + ni,1, in Phase I,

yi,2 = hrsi + ni,2, in Phase II. (8)

The channel coefficients hd and hr are assumed to be known
to the MS so that the MS performs maximum ratio com-
bining (MRC). The MRC received signal is given by yi =(|hd|2 + |hr|2

)
si +(h∗

dni,1 + h∗
rni,2) so that the received SNR

for the selection scheme is given by δs
Δ=
(|hd|2 + |hr|2

)
P/N0.

The sum of exponential random variables with different mean
values, and its PDF is represented as

fc (γ) =
e
− γ

ρμd − e−
γ

ρμr

ρ (μd − μr)
, (μd �= μr) (9)

and the detailed derivation is given in Appendix II.

III. PERFORMANCE ANALYSIS OF DOWNLINK
CAPACITY

We first analyze the performance of a single link for each
scheme described in Section II. In this section, we analyze the
ergodic capacity and outage capacity of each scheme.

A. Ergodic Capacity

Under the assumption that the channel is stationary and er-
godic, we can obtain the ergodic capacity of a single link for
each scheme. Instantaneous capacity of a channel with received
SNR of the channel, γ, is defined as C = log2(1 + γ). Ergodic
capacity is also define as E[C] = E[log2(1 + γ)]. In the direct
scheme, the ergodic capacity is obtained as:

E [Cd] =
∫ ∞

0

log2 (1 + γ) fd(γ)dγ

= − log2 (e) exp
(

1
ρμd

)
Ei

(
− 1

ρμd

)
(10)

where the exponential integral function Ei is defined as Ei (x) =
− ∫∞

−x
exp (−t)

t dt. The ergodic capacity is obtained by the re-

lation
∫∞
0 exp (−μx) ln(1 + βx)dx = − 1

μexp
(

μ
β

)
Ei
(
−μ

β

)

[22].

The ergodic capacity of the relay scheme is similarly obtained
in a closed-form by

E [Cr] =
∫ ∞

0

1
2

log2 (1 + γ) fr (γ)dγ

= −1
2

log2 (e) exp
(

1
ρμr

)
Ei

(
− 1

ρμr

)
(11)

where the term
(

1
2

)
is added at the log2 term because the channel

utilization of the system is reduced to one-half.
In the selection scheme, the ergodic capacity for a single link

cannot be obtained in a closed-form. Hence, we obtain the upper
bound of the ergodic capacity using Jensen’s inequality [23].
That is, E {log2 (x)} ≤ log2 (E {x}) since log2 function is a
concave function.

E [Cs] =
∫ ∞

1

log2 (γ) fs (γ) dγ

≤ log2 (E {γs})

= log2

{
1 + ρμd +

1
2
√

πρμre
1

ρμr

[
1 − erf

(√
1

ρμr

)]

−1
2
√

πρμre
1
4

(2ρμd+ρμr)2

ρ3μ2
d

μr

[
1 − erf

(
1
2

2ρμd + ρμr

ρμd
√

ρμr

)]}
, (12)

where the error function is defined as erf (x) = 2√
π

∫ x

0 exp
(−t2

)
dt [22].

In the cooperative scheme, a closed-form ergodic capacity is
obtained as

E [Cc] =
∫ ∞

0

1
2

log2 (1 + γ) fc (γ) dγ

=
log2 (e)μre

1
ρμr Ei

(
− 1

ρμr

)
− μde

1
ρμd Ei

(
− 1

ρμd

)

2 (μd − μr)
. (13)

Before we analyze the result of ergodic capacities, we define
the average channel gain difference in dB between μr and μd as

μdiff(dB) Δ= μr(dB) − μd(dB). When μdiff is large, the RS-MS
channel is better than the BS-MS channel for an MS. For ex-
ample, if μdiff is set to 3 dB, it represents that the RS-MS chan-
nel is two times better in average SNR than the BS-MS channel.
Fig. 3 shows the result of the ergodic capacities for four different
schemes when μd is set to 0 dB. The result shows the ergodic ca-
pacity for varying μdiff values. All the results are obtained from
the closed-form expressions of ergodic capacities, except that
the ergodic capacity of the selection scheme is generated from
Monte Carlo simulation. From the figure, we can observe that
the selection scheme outperforms all the other schemes in the
range of μdiff from 0 dB to 15 dB. In the range of μdiff > 15,
the cooperative scheme outperforms the selection scheme. The
capacity of the relay scheme is always below the capacities of
the selection and the cooperative schemes, and the capacity of
the direct scheme remains the same. For more discussions on the
performance comparisons, we compare the instantaneous Shan-
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Fig. 3. Link ergodic capacities for four different schemes.

non capacity when the instant channel realization is given.

Cd = log2

(
1 + ρ|hd|2

)
, (14)

Cr =
1
2

log2

(
1 + ρ|hr|2

)
, (15)

Cs = max
{

log2

(
1 + ρ|hd|2

)
,
1
2

log2

(
1 + ρ|hr|2

)}
,(16)

Cc =
1
2

log2

(
1 + ρ

(
|hd|2 + |hr|2

))
. (17)

From these equations, we can observe that Cs is always greater
than Cd and Cr. Furthermore, Cc is always greater than Cr . If
the RS-MS channel is far better than the BS-MS channel, i.e.,
μdiff → ∞, Cs is similar to Cr since the BS almost surely
chooses the relaying path all the time. In this high μdiff case,
the order of the capacities of the four schemes is Cc > Cr >
Cs > Cd. In Fig 3, however, in the setting where μd = 0 dB
and 0 dB < μdiff < 15 dB, the selection scheme yields the best
performance due to the fact that it can obtain transmission diver-
sity by selecting a better channel between the BS-MS channel
and the RS-MS channel. When μdiff is approximately 15 (dB)
(i.e., when the RS-MS channel gain is 32 times greater than the
BS-MS channel gain), there is a cross point where the coopera-
tive scheme outperforms the selection scheme. The relay scheme
and the cooperative scheme outperform the direct scheme when
the SNR difference is larger than 5 dB and 2 dB, respectively.
Therefore, when there is a sufficient number of RSs in a cell so
that RS-MS channels are generally at least two times better than
BS-MS channels, both the selection scheme and the cooperative
scheme perform well due to their transmission diversity. In addi-
tion, the cooperative scheme always yields a better capacity than
the relay scheme because each MS receives the data in Phases
I and II in the cooperative scheme, while each MS receives the
data only in Phase II in the relay scheme.

B. Outage Capacity

In this subsection, we obtain the outage capacity for four

different schemes. Outage capacity is here defined as Cε
Δ=

Fig. 4. Outage capacities for four different schemes for varying ρ.

log2

(
1 + G−1 (1 − ε)

)
, where G is the complementary cu-

mulative distribution function (CDF) of |h|2, i.e., G (x) Δ=
P
{|h|2 > x

}
.

The function G for the direct scheme is given by

G−1
d (x) = − ln (x) ρμd (18)

and for the relay scheme,

G−1
r (x) = − ln (x) ρμr. (19)

For the selection and cooperative schemes, since the inverse
function of the complementary CDF does not exist, we numeri-
cally obtain G−1

s (x) and G−1
c (x).

Fig. 4 shows the result of the outage capacities with a reason-
able error probability of ε = 0.05 in typical cellular systems,
for the four different schemes. The result shows the relation-
ship between the outage capacity for the four schemes and input
ρ = P/N0. The result is obtained under the condition that μdiff

is set to 3 dB, which means that the RS-MS channel is two times
better in terms of average SNR than the BS-MS channel due to
the proximity of the RS or the large transmit power at the RS.
The selection scheme outperforms the other three schemes in
terms of outage capacity. The outage capacities of the selection
and cooperative schemes are much better than those of the di-
rect and relay schemes because the first two schemes exploiting
the transmit diversity yield low outage performance. For a low
SNR region, the cooperative scheme has almost the same outage
capacity as the selection scheme.

IV. SYSTEM PERFORMANCE ANALYSIS WITH
MULTIUSER DIVERSITY

In this section, we analyze the system performance with mul-
tiple links for four different schemes. In the system performance
analysis, we assume that there exist N MSs in a cell and all
MSs communicate with one BS at the cell center. In practical
cellular systems, since the location of the ith MS is uniformly
distributed over a cell area, it has independent μd,i and μr,i de-
pending on its distances to the serving BS. However, for this
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realistic model, it is hard to mathematically analyze the system
performance. Besides, the effect of relaying schemes on multi-
user diversity is softened by the effect of the location of MSs.
Thus, in order to investigate the effect of relaying schemes on
multiuser diversity, we assume that all N MS-MS channels are
i.i.d. Rayleigh channels with an average channel gain of μd, and
all N RS-MS channels are i.i.d. Rayleigh channels with an av-
erage channel gain μr. In this multiuser system, a maximum
SNR scheduling scheme is used. The maximum SNR schedul-
ing scheme is optimal for achieving the maximum multiuser di-
versity gain, but fairness and delay problems remain. In many
practical next-generation mobile communication systems, the
proportional fairness (PF) scheduling scheme is widely used to
achieve multiuser diversity gain because it guarantees the fair-
ness of the systems. In this paper, we consider the maximum
SNR scheduling scheme for mathematical simplicity.

We estimate the ergodic capacity of a system with N users
using the expression C (N) = E {log2 (1 + γmax)}, where
γmax = max {γ1, γ2, · · ·, γN} and γi represents the SNR of
the i-th user, and γmax represents the SNR of the user whose
instantaneous channel gain is the largest within the system.
From order statistics, we obtain the CDF of γmax, Fmax (γ) =
{F (γ)}N given that all γi’s are i.i.d. and have their indi-
vidual cumulative distribution function (CDF), F (γ). From
Fmax (γ), we can also obtain the PDF of γmax, fmax (γ) =
N [F (γ)]N−1

f (γ).
In the direct scheme, the multiuser ergodic capacity is ob-

tained in a closed-form,

E [Cd (N)]

=
∫ ∞

0

log2 (1 + γ) fd,max (γ) dγ

= −N log2 (e) ·
N−1∑
k=0

{(
N − 1

k

)
(−1)k 1

k + 1
e

k+1
ρμd Ei

(
−k + 1

ρμd

)}
(20)

where fd,max (γ) = N [Fd (γ)]N−1
fd (γ) and f (γ) is given in

(2). The detailed derivation of (20) is given in Appendix III.
Similarly, in the relay scheme, the multiuser ergodic capacity

is obtained in a closed-form,

E [Cr (N)]

=
∫ ∞

0

1
2

log2 (1 + γ) fr,max (γ)dγ

= −N log2 (e)
2

·
N−1∑
k=0

{(
N − 1

k

)
(−1)k 1

k + 1
e

k+1
ρμr Ei

(
−k + 1

ρμr

)}
(21)

where fr,max (γ) = N [Fr (γ)]N−1
fr (γ) and fr (γ) is given in

(4).
In the selection scheme, there is no closed-form solution for

the multiuser ergodic capacity. Thus, we obtain an upper bound
which can be applied to any set of i.i.d. random variables. The

upper bound was found in [23]:

E [Cs (N)] =
∫ ∞

1

log2 (δ) fs,max (δ) dδ (22)

≤ log2

(
μs +

N − 1√
2N − 1

σs

)
(23)

where fs,max (δ) = N [Fs (δ)]N−1
fs (δ) and fs (δ) is given

in (7). The terms μs and σs denote the mean and standard devi-
ation of δs and are expressed as

μs = 1 + μd +
1
2
√

πμr exp
(

1
μr

)(
1 − erf

(√
1
μr

))

−1
2
√

πμr exp

(
1
4

(2μd + μr)
2

μ2
dμr

)
·

{
1 − erf

(
1
2

(2μd + μr)
μd

√
μr

)}
, (24)

σ2
s = 2

(
1 + μd + μ2

d

)
+ μr

+
√

μr

2μd

[
μr

√
π exp

(
1
4

(2μd + μr)
2

μ2
dμr

)
·

{
1 − erf

(
1
2

(2μd + μr)
μd

√
μr

)}

−2
√

μrμd − 2μd√
μr

]
− μ2

s. (25)

Finally, in the cooperative scheme, a closed-form solution for
the multiuser ergodic capacity is obtained as follows:

E [Cc (N)]

=
∫ ∞

0

1
2

log2 (1 + γ) fc,max (γ) dγ

=
N log2 (e)

2ρ (μd − μr)

N−1∑
k=0

[(
N − 1

k

)(
1

μr − μd

)k

·

k∑
i=0

{
(−1)i

μi
rμ

k−i
d

(
I
(

i + 1
ρμr

+
k − i

ρμd

)

−I
(

i

ρμr
+

k − i + 1
ρμd

))}]
, (26)

I (a) Δ=
∫ ∞

0

ln (1 + γ) e−aγdγ = −1
a

eaEi (−a) .

The detailed procedure of the mathematical derivation is given
in Appendix IV.

Figs. 5 and 6 show the ergodic capacities for the four differ-
ent schemes with N users in a cell when μdiff is set to 3 dB and
9 dB, respectively. From the two figures, we can find the effect
of multiuser diversity and selection diversity. In Fig. 5, the se-
lection scheme yields the best performance over all ranges and
the selection diversity improves the performance of the selection
scheme by approximately 20%, compared with that of the direct
scheme in the case of N = 1. As the number of users increases,
both the selection and direct schemes exploit multiuser diver-
sity. In our analysis, the ergodic capacities of the two schemes
are nearly identical as the number of users increases. From this
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Fig. 5. System capacities for four different schemes for varying N values
when μdiff is set to 3 dB.

Fig. 6. System capacities for four different schemes for varying N values
when μdiff is set to 9 dB.

result, we observe that the multiuser diversity in the selection
scheme is more dominant than its own selection diversity be-
cause the system has no big difference in the performance, com-
pared to the direct scheme which only exploits the multiuser
diversity. Therefore, for a system with low μdiff values, the di-
rect scheme achieves the best multiuser ergodic capacity when
N is more than 10. In addition, since the direct scheme does
not require any RS and high scheduling complexity, it has some
advantages over other complex schemes.

On the other hand, in Fig. 6, for a given system with μdiff =
9 dB, since the RS-MS channel is much better than the BS-
MS channel, the selection scheme yields the best performance.
In this case, the relay scheme achieves almost the best perfor-
mance as described in the previous case. Multiuser diversity in
the selection scheme is dominant and the direct scheme also ex-
ploits multiuser diversity well, and, thus, the performance of
both schemes is similar for a large number of users.

The selection scheme outperforms all the other schemes in a

multiuser environment, while the direct scheme and the relay
scheme almost achieve the performance of the selection scheme
due to dominant multiuser diversity at low μdiff values and high
μdiff values, respectively.

A. Analysis of the Effect of Cooperative and Selection Diversi-
ties on Multiuser Diversity

We observed how the four different relaying schemes per-
form in a multiuser environment. In this subsection, we ana-
lyze the effect of cooperative and selection diversity techniques
on multiuser diversity in a downlink cellular system with re-
lays. We compare the characteristics of the distributions of one-
link capacities for the four different relaying schemes. Eqs. (27)
through (30) represent the PDFs of the one-link instantaneous
capacities for the direct, the relay, the selection, and the coop-
erative schemes, respectively. The following four PDFs are ob-
tained by converting the PDFs of the SNRs for the four schemes,
given in (2), (4), (7), and (9), into the PDFs of the capacities.

fD,C1(c) =
ln(2)
ρμd

exp
(
−2c − 1

ρμd

)
2c, (27)

fR,C1(c) =
ln(2)
ρμr

exp
(
−4c − 1

ρμr

)
4c2, (28)

fS,C1(c) = ln(2)2c

[
1

ρμd
exp

(
−2c − 1

ρμd

)
+

2c+1

ρμr
exp

(
−4c − 1

ρμr

)

−
(

1
ρμd

+
2c+1

ρμr

)
exp

(
−2c − 1

ρμd
− 4c − 1

ρμr

)]
, (29)

fC,C1(c) =
ln(2)

ρ(μd − μr)
4c2 ·

(
exp

(
−2c − 1

ρμd

)
− exp

(
−4c − 1

ρμr

))
(30)

where c denotes the one-link instantaneous capacity.
From the PDFs, we can obtain the CDFs of the capacities as

(31) through (34).

FD,C1(c) = 1 − exp
(
−2c − 1

ρμd

)
, (31)

FR,C1(c) = 1 − exp
(
−4c − 1

ρμr

)
, (32)

FS,C1(c) = 1−exp
(
−2c − 1

ρμd

)
−exp

(
−4c − 1

ρμr

)
+

exp
(
−4cμd − μd + 2cμr − μr

ρμdμr

)
, (33)

FC,C1(c) = 1−
exp

(
− 4c−1

ρμd

)
μd − exp

(
− 4c−1

ρμr

)
μr

μd − μr
.(34)

Now, we analyze the distributions of multiuser system capac-
ities for four different schemes. Since we adopt the opportunis-
tic scheduling which instantaneously chooses the MS with the
largest SNR value, the multiuser system capacity is defined as,

C(N) = log2

(
1 + max

1≤i≤N
γi

)
= max

1≤i≤N
{C1,i} (35)
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Fig. 7. CDFs of capacities for four different relaying schemes when
N = {1, 20}, ρ = 0 dB, μd = 0 dB, and μr = 3 dB.

Table 1. Means and variances of capacities for four different relaying

schemes when N = 1.

Relaying scheme E[C1] Var[C1]
Direct 0.86 0.36
Relay 0.66 0.17

Selection 1.06 0.26
Cooperative 0.90 0.14

where we define C1,i = log2 (1 + γi). From order statistics,
CDF of C(N) is expressed as

FCN =
N∏

i=1

FCi = {FC1}N (36)

because all the C1,i’s are independent for 1 ≤ i ≤ N . There-
fore, we obtain the CDFs for four different schemes in multiuser
environment using (31), (32), (33), and (34), and the relation
noted in (36). Fig. 7 shows the CDFs of capacities for the four
different relaying schemes when N is set to 1 and 20. We also
set the parameter values of a typical cellular system: ρ = 0 dB,
μd = 0 dB, and μr = 3 dB. We first observe N = 1 case.
The selection scheme outperforms all the other schemes in the
CDF analysis as we have observed in Section IV. Both the di-
rect scheme and the relay scheme have relatively lower capacity
than the selection and the cooperative schemes because the for-
mer two schemes do not have any diversity techniques, while the
latter two schemes achieve the cooperative and selection diver-
sities, respectively, so that the probability of very low channel
gains is dramatically decreased.

Table 1 lists the mean and the variance values for the four
schemes when N = 1. The mean values of the direct and the
relay schemes are lower than those of the selection and the coop-
erative schemes. Note that in Table 1, the variance of the direct
scheme is relatively higher than that of other schemes. The large
variance of the direct scheme can be also observed in Fig. 7. As
shown in Fig. 7, the CDF of the direct scheme has relatively a
large variance among the four schemes. The CDF curve of the

Table 2. Means and variances of capacities for four different relaying

schemes when N = 20.

Relaying scheme E[C20] Var[C20]
Direct 2.15 0.14
Relay 1.48 0.04

Selection 2.16 0.13
Cooperative 1.60 0.03

direct scheme has a very long-tail distribution, almost identical
to the CDF curve of the selection scheme. The impact of this
very large variance of the direct scheme will be analyzed later
in this section.

When N is set to 20, the order in mean values among the
four schemes is not the same as that in the single MS case. In-
terestingly, in the multiuser environment, the performance of
the direct scheme almost follows that of the selection scheme
and their performance outperforms the other schemes. The co-
operative scheme, which yields better mean performance than
the direct scheme in the single MS case, shows low perfor-
mance as the relay scheme. This phenomenon can be charac-
terized by analyzing the variances of capacities of the four dif-
ferent schemes. Table 2 shows the means and variances for the
four schemes when N = 20. First, we can observe that the
means of all schemes increase, while the variances decrease
through opportunistic scheduling. An opportunistic scheduling
gain is obtained from the fluctuation of the fading channels,
in other words, a multiuser diversity gain is achieved from the
variance of the channel. Thus, the opportunistic scheduling in-
creases the mean and decreases the variance. Without the op-
portunistic scheduling, the direct scheme has the highest vari-
ance among the four schemes, and, thus, the multiuser diversity
gain through the opportunistic scheduling is greatly achieved in
the direct scheme. Even though the mean capacity of the direct
scheme is lower than that of the cooperative scheme without the
opportunistic scheduling, the direct scheme performs better than
the cooperative scheme with the opportunistic scheduling in the
mean capacity sense.

For asymptotical analysis, we adopt the bound for the first
moment of order statistics. If all Xi’s (for i = 1, · · ·, N ) are
independent identically distributed (i.i.d.) random variables, the
mean of the largest value among Xi’s is given by [23]

E
[

max
1≤i≤N

Xi

]
≤ E [X1] +

N − 1√
2N − 1

√
Var [X1]. (37)

As N goes to infinity, the left-hand-side term is limited only
by the variance of X1 and N . In our study, we can take the
random variable X1 as the instantaneous one-link capacity of a
user, C1. From the bound, we can obtain the intuition as fol-
lows: as the number of MSs in the cell, N , goes to infinity, the
mean of the multiuser system capacity is determined only by the
variance of the one-link capacity. This is why the multiuser sys-
tem mean capacity of the direct scheme, whose variance is the
largest among four schemes, drastically increases through the
opportunistic scheduling.
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V. CONCLUSIONS

We mathematically analyze the ergodic and outage capacities
in downlink for four different data relaying schemes: A direct
scheme, a relay scheme, a selection scheme, and a cooperative
scheme. Furthermore, we derive closed-form solutions or up-
per bound of the ergodic capacity for the schemes. The analyti-
cal results agree well with computer simulation results. The re-
sults show that the selection scheme outperforms the other three
schemes in terms of link ergodic capacity, outage capacity, and
system ergodic capacity. We also investigate the effect of the co-
operative and selection diversity techniques on multiuser diver-
sity. The result shows that the cooperative and selection diver-
sity techniques in cellular systems with relays limit the multiuser
diversity gain that could have been achieved by the opportunistic
scheduling.

APPENDICES

I. THE PDF OF δs IN THE DERIVATION OF THE
CAPACITY OF SELECTION SCHEME

We let new random variables X
Δ= 1 + |hd|2 P/N0 and Y

Δ=√
1 + |hr|2 P/N0. Since we assume the channels are Rayleigh

distributed, we obtain

fX(x) =
1

ρμd
exp

(
−x − 1

ρμd

)
, (38)

fY (y) =
2y

ρμr
exp

(
−y2 − 1

ρμr

)
. (39)

Since δs = max(X, Y ) from (6), from order statistics we obtain
the CDF of δs given by

Fδs(δ) = FX(x)FY (y)

= 1 − exp
(
−x − 1

ρμd

)
− exp

(
−y2 − 1

ρμr

)

+ exp
(
−
(

x − 1
ρμd

+
y2 − 1
ρμr

))
. (40)

By differentiating it, we finally obtain (7).

II. THE DISTRIBUTION OF THE SUM OF TWO
EXPONENTIAL RANDOM VARIABLES

We compute the convolution needed in the derivation of the
distribution.

exp (−ax) ∗ exp (−bx)

=
∫ x

0

exp (−a(x − u)) exp (−bu) du

= exp (−ax)
exp ((a − b)x) − 1

a − b

=
exp (−bx) − exp (−ax)

a − b
. (41)

For n = 2, if the two random variables, X1 and X2, have their
parameters λ1 and λ2 and they are different [24],

fX1+X2(x) = fX1(x) ∗ fX2(x)

= λ1λ2
exp (−λ2x) − exp (−λ1x)

λ1 − λ2

= λ1λ2

[
exp (−λ1x)

λ2 − λ1
+

exp (−λ2x)
λ1 − λ2

]
. (42)

Thus, the PDF of the SNR of the cooperative scheme is given
by

fc (γ) =
exp

(
− γ

ρμd

)
− exp

(
− γ

ρμr

)

ρ (μd − μr)
, (μd �= μr). (43)

III. MULTIUSER ERGODIC CAPACITY OF THE
DIRECT SCHEME

We provide the detailed derivation of the ergodic capacity of
the direct scheme when N > 1.

E[Cd (N)] =
∫ ∞

0

log2 (1 + γ) fmax (γ)dγ

=
∫ ∞

0

log2 (1 + γ)N
(
1 − e

− γ
ρμd

)N−1 1
ρμd

e
− γ

ρμd dγ

=
N

ρμd

∫ ∞

0

log2 (1 + γ)
(
1 − e

− γ
ρμd

)N−1

e
− γ

ρμd dγ

=
N log2 (e)

ρμd
·

∫ ∞

0

ln (1 + γ)

{
N−1∑
k=0

(
N − 1

k

)
(−1)k

e
− kγ

ρμd

}
e
− γ

ρμd dγ

=
N log2 (e)

ρμd
·

N−1∑
k=0

{(
N − 1

k

)
(−1)k

∫ ∞

0

ln (1 + γ) e
− (k+1)γ

ρμd dγ

}

=
N log2 (e)

ρμd
·

N−1∑
k=0

{(
N − 1

k

)
(−1)k

[
− ρμd

k + 1
e

k+1
ρμd Ei

(
−k + 1

ρμd

)]}

= −N log2 (e) ·
N−1∑
k=0

{(
N − 1

k

)
(−1)k 1

k + 1
e

k+1
ρμd Ei

(
−k + 1

ρμd

)}
. (44)

IV. MULTIUSER ERGODIC CAPACITY OF THE
COOPERATIVE SCHEME

The derivation of (26) is given in this Appendix.

E [Cc (N)] =
∫ ∞

0

1
2

log2 (1 + γ) fc,max (γ) dγ
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=
log2 (e)

2

∫ ∞

0

ln (1 + γ)N

(
1 − μde

− γ
ρμd − μre

− γ
ρμr

μd − μr
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e
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ρ (μd − μr)
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. (45)

where I (a) �
∫∞
0 ln (1 + γ) e−aγdγ = − 1

aeaEi (−a).
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